We introduce an optimal renormalization group analysis pertinent to the analysis of polarization functions associated with the s-quark mass relevant in τ -decay. The technique is based on the renormalization group invariance constraints which lead to closed form summation of all the leading and next-to-leading logarithms at each order in perturbation theory. The new perturbation series exhibits reduced sensitivity to the renormalization scale and improved behavior in the complex plane along the integration contour. Using improved experimental and theory inputs, we have extracted the value of the strange quark mass ms(2GeV) = 106.70 ± 9.36 MeV and ms(2GeV) = 74.47 ± 7.77 MeV from presently available ALEPH and OPAL data respectively. These determinations are in agreement with the determinations in other phenomenological methods and from the lattice.
I. INTRODUCTION
The mass of the s-quark is one of the fundamental parameters of the standard model [1] . It has recently been concluded that the most reliable determination comes from lattice simulations; for a review see, e.g., [2] . However, it may be noted that the lattice determination lies significantly below the central value given by phenomenology. Thus, it is necessary to use as many windows of opportunity as possible in order to make a phenomenological extraction and to compare it with lattice results.
Some years ago, the availability of polarization functions relevant to this extraction was measured by the ALEPH [3, 4] and OPAL [5] Collaborations. The experimental collaborations themselves [3, 6] have used these measurements to extract the s-quark mass. Our work is partly motivated by Ref. [7] , while other theoretical approaches have been advocated in [8] [9] [10] [11] [12] [13] [14] [15] [16] . The persistent issue in such determinations is to account for the renormalization group(RG) running of all the parameters that enter the evaluations. Authors employ various methods, in order to account for these effects when a suitable contour integral is performed in the complex energy squared plane with chosen weight functions that define moments of the polarization function. In [6, 8, 12, 13] on the other hand, the QCD expressions were replaced by the phenomenological parametrizations. In all pieces of work, suitable moments are considered which are then made to yield a value of the strange quark mass. However, there is a significant spread among the results, and one is left wondering how stable such determinations are.
In the context of the extraction of α s from τ -lepton decays, there have been two contesting schools for treating the running, which are the so-called fixed-order perturbation theory (FOPT) [17, 18] and contour-improved perturbation theory (CIPT) [19] [20] [21] , which lead to determinations of α s which do not quite agree with one another, and the theoretical error becomes dominated by this. Within CIPT itself there is another renormalization scheme where the perturbation corrections to a given series are absorbed by defining effective parameters such as effective coupling and effective mass. This is called the method of effective charges (MEC) and was used in Ref. [22] to improve renormalization scale behavior of τ -decay polarization functions.
Quite generally another approach that allows one to account for the RG running is to appeal to summation of all RG-accessible logarithms which is often referred to as optimal renormalization. The framework was originally proposed in [23] [24] [25] and further generalized in Refs. [26, 27] . The RG-accessible logarithms are defined as the leading and next-to-leading logarithms at each order in perturbation theory that can be accessed through the RG equation. The RG summation captures the effects that are numerically encoded in the CIPT approach, and remains an analytical method, and does not require numerical integration. The ingredients that are required here are the β-function coefficients as well as the expansion coefficients of the mass Adler function in QCD which are now known to higher orders. The method of RG summation has been applied to other processes where masses of quarks do enter, such as semileptonic decays of B-mesons. It has been previously used to extract the strong coupling constant α s from τ -decay in Refs. [28] [29] [30] [31] and in Ref. [32] it was applied to reduce renormalization scale dependence due to higher order QCD corrections in Higgs boson production.
One of the important objectives of the present work is to resort to such a renormalization group summed perturbation theory (RGSPT) for quantities relevant to the extraction of strange quark mass residing in the moments of the τ -decay spectral function. We will isolate combinations that involve the s-quark mass and polarization functions and apply RG invariance constraints which will give rise to a series of nested equations which can be solved with appropriate boundary conditions in closed form at the desired order in perturbation theory. We note here that the contribution of the condensate has not changed arXiv:1610.08900v2 [hep-ph] 29 Dec 2016 much since the work of Ref. [8] and we have used the same input for our extraction of m s .
With these ideas in mind, we now proceed to evaluate the s-quark mass m s using the method of summation of leading logarithms based on the optimal renormalization group. The paper is organized as follows. In Sec. II we describe the formalism of Cabbibo suppressed semileptonic τ -decay. In Sec. III we give the derivations of the closed form summations of leading and next-to-leading logarithms of the τ -decay polarization functions. The extraction of strange quark mass from ALEPH and OPAL data is discussed in Sec. IV and we conclude in Sec. V. Important formulas and expressions are collected in Appendices A, B, and C.
II. FORMALISM
The object that describes the dynamics of semileptonic τ -decay is the correlator of the two hadronic currents
where the hadronic V -A current is j µ (x) =ūγ µ (1 − γ 5 )s and N c = 3 are the numbers of colors in QCD. The correlator has the following Lorentz decomposition:
The functions Π g (q 2 ) and Π q (q 2 ) are related to the scalar functions Π T (q 2 ) and Π L (q 2 ) that correspond to spin 1 and spin 0 contributions of the final states hadrons
The polarization functions Π g (q 2 ) and Π q (q 2 ) are computable in the perturbation theory and receive corrections due to light quark masses. Assuming the up and the down type quarks to be very light, the dominant contribution comes from the strange quark mass m s . Keeping only the leading term in powers of m 2 s /q 2 , the two functions can be written as
Here Π q,g 0 (q 2 ) are the invariant functions in the massless limit and Π mq,mg (q 2 ) are the quadratic strange quark mass correction terms. The current conservation implies Π g 0 = Π q 0 = Π 0 . In the large Q 2 region, where Q 2 = −q 2 , the polarization functions are computable in the operator product expansion (OPE) framework in terms of a series of local gauge invariant operators of increasing dimension D = 2n, multiplied by the inverse power of Q 2 . In the OPE framework, Π 0 has been calculated to α 3 s in Refs. [33] [34] [35] 
are given in [39] and the α 3 s coefficients were calculated in Ref. [10] .
Formally, the polarization functions depend on the renormalization scale µ through the strong coupling constant α s (µ 2 ) and logarithmic terms ln(
, at each order n in the perturbation expansion. Unless explicitly mentioned, we will denote the functional dependence of µ as Π mg,mq [µ 2 , Q 2 ] = Π mg,mq . The scale evolution of any perturbation series is described by the renormalization group equation. It is known that the function Π mg is not renormalization group invariant and obeys the following RG equation [38] :
where L = ln(µ 2 /Q 2 ), a s = α s (µ 2 )/π, and the anomalous dimension matrix γ V V m is given in [38, 40] . In the renormalization group equations above, β(a s ) and γ m (a s ) encode the scale evolution of the strong coupling constant and mass, respectively, and the evolution equations are given as
where
The evolution equations can be solved iteratively in terms of the coefficients β i and γ i and the solutions are given in Appendix A. Corresponding to the function Π mg , one can define an Adler function [41] :
which satisfies the homogeneous RG equation
The Adler function D mg is known to order α 3 s in perturbation theory and the α 4 s coefficients are only partially known [41] . The polarization function Π mq is also satisfies the homogeneous RG equation
Note that the expressions of D mg and Π mq given in Refs. [41] and [10, 42] , respectively, are evaluated at the normalization scale µ 2 = Q 2 which makes all the logarithmic terms ln(µ 2 /Q 2 ) vanish. To apply the resummation method to take into account of the higher order perturbation corrections, we have generated these logarithmic terms using the renormalization group equations (9) and (10) . The expressions of Π mg,mq and D mg are collected in Appendix B.
The Cabbibo suppressed τ -decay results in final states that are induced by the vector and axial vectors currents. In experimental studies of Cabbibo suppressed τ -decay, the measurements of SU (3) breaking effects induced by strange quark mass have been possible by separately measuring the strangeness changing and strangeness conserving τ -decay rates. In addition to the total decay rate, important quantities are the moments which can be written as a contour integral of the polarization functions with suitable weight functions in the complex |q 2 | plane running counterclockwise along the circle |q
Here
are suitable weight functions. The moments equation (11) are physical quantities and therefore independent of the renormalization scale. However, one of the main sources of theoretical uncertainty in the determinations of the moments come from the renormalization scale dependence of the perturbation series. The scale dependence arises due to finite terms in the perturbation series. This uncertainty can be partly reduced by renormalization group improvements of the perturbation series through the method of resummation of logarithmic terms.
As previously mentioned, there are several competing methods to perform the renormalization group improvements which lead to slightly different results. In the FOPT, it amounts to first performing the contour integration in Eq. (11), followed by renormalization group improvement by setting the renormalization scale µ 2 = M 2 τ [17, 18] . In CIPT, the renormalization group improvement is achieved by setting µ 2 = Q 2 followed by the integration along the contour. The fixing of the renormalization scale at µ 2 = Q 2 before the integration essentially means that at each order in the perturbation expansion, the series depends on a constant term. To account for this, in CIPT the strong coupling constant and the mass are evolved along the contour in the complex plane. This is done by iteratively solving the evolution equations along the integration contour with initial con-
The resummation of the polarization functions to the quadratic mass corrections were treated in MEC in Ref. [7] following a partial integration in Eq. (11)
In Ref. [7] the higher order perturbative corrections to the polarization function Π mq and the Adler function D mg were absorbed in the definition of the effective strong coupling constant and two coefficients of effective mass parameters. Note that, renormalization group improvements and partial integration do not commute as long the perturbation series in question is known only to finite order. Since the work in [7] , the α 3 s coefficient of the polarization function has been calculated in [10] . Using these new coefficients and the latest inputs, we update the strange quark mass in MEC to order α 3 s . However, the main aim of the work is to apply the optimal renormalization group to sum up RG-accessible logarithms of the τ -decay polarization function. To the best of our knowledge, the optimal renormalization group is being applied to τ -decay in the context of strange quark mass extraction for the first time. In the next section, we derive the closed form summation of the τ -decay polarization functions and show that these RGSPT series exhibit reduced RG scale dependence. The new series is then used in Sec. IV to extract strange quark mass from ALEPH and OPAL data.
III. CLOSED FORM SUM OF RG-ACCESSIBLE LOGARITHMS
Here we develop RGSPT relevant to the extraction of the s-quark mass. To apply the framework we write the perturbation series in question as
where c mg,mq , d mg are the series coefficients. The coefficients can be easily determined from the expressions given in Appendix B. Following Ref. [26] the RGSPT se-ries are written as
where the intermediate quantities Π
The RG equations (5), (9), and (10) ensure closed form
, respectively, in terms of the leading coefficients d (5) and collect the coefficients of a n s L n−1−k , which leads to the following recursion relation:
The relation is subject to the condition that for p < q, c mg p,q = 0. In this equation t n,n−1−k are the perturbation series coefficients of the left-hand side of the equation (5) which is defined as γ
n−1−k and sum from n = 1+k to infinity, which following Eq. (15) 
The closed form expressions of
The In Fig. 1 we study the scale dependence of the new series where we plot Π mg in RGSPT and compare with the unsummed perturbation series equation (B1). The RGSPT and the un-summed series are shown by solid and dashed lines, respectively, and the figure to the left and right correspond to the real and imaginary parts of the functions. In Figs. 2 and 3 we plot D mg and Π mq in RGSPT and compare with the corresponding unsummed series. In these figures we have taken Q 2 = −M 2 τ and the strong coupling constant is taken from direct measurements at the Z peak, α s (M 2 Z ) = 0.1197 ± 0.0028 [1] . This is evolved using a four-loop β function using the package [46, 47] to the τ mass scale which yields α s (M 2 τ ) = 0.3298 ± 0.0118, and is in excellent agreement with the latest determination from τ -decay in [48] . The figures clearly show that the renormalization group improved series based on the optimal renormalization group has substantially less scale dependence than the unsummed series. This reduces the uncertainty coming from the renormalization scale. With the formalism developed and with the expressions on hand, we now proceed to the extraction of the strange quark mass in the next section.
IV. EXTRACTION OF STRANGE QUARK MASS
After obtaining the RG-summed perturbation series in Eq. (14) we can perform the integrations in Eqs. (11) and (12) in the complex plane along the contour defined by
In RGSPT based on the optimal renormalization group we set the renormalization scale µ 2 = M 2 τ so that the strong coupling constant and the strange quark mass are evaluated at
. This is in contrast to the CIPT where both of these quantities are evolved along the contour, while in MEC the effective couplings and the coefficients of effective masses take into account the scale evolution.
In this section we extract the strange quark mass from the data on the moments of the τ -decay spectral function R kl τ . Such extractions are possible from the strange quark mass induced SU (3) flavor breaking term
where the strange and the nonstrange contributions are denoted by R kl τ,S and R kl τ,non-S , respectively. Theoretically, δR kl τ is related to the D ≥ 2 correction terms in OPE. In addition to the perturbative corrections, δR kl τ also receive nonperturbative contributions from D = 4 condensates corrections to the τ -decay rate [43] . Neglecting terms of the order m 
where S EW = 1.0201 ± 0.0003 [49] [50] [51] . The coefficients of D = 4 corrections to the local m ss s operators f kl in the leading order in OPE are given by [8] f kl = 2(δ l,0 (k + 2) − δ l,1 ) , and the phenomenological value for the quark condensates is [8] 
The flavor breaking terms δR kl τ for different moments (k, l) have been measured by ALEPH [3, 4] and OPAL [5] Collaborations by separately measuring the Cabbiboallowed and the Cabbibo-suppressed inclusive τ -decay rates. For ALEPH data we follow the moments extracted in Ref. [11] . The moments with large k and l = 0 are dominated by low lying resonances which can be precisely measured in the experiments. Theoretically however, this amounts to the calculations of higher dimensional condensate terms that are not presently known. Therefore from the point of view of theoretical calculations, the moments with large k and l = 0 are not favorable. On the other hand, the moments of the type (0, l) with large l are more reliable from the point of view of perturbation theory but their experimental errors are large. In our analysis we calculate m s for three moments (0,0), (1,0), and (2,0) measured by ALEPH in Ref. [11] . For OPAL the moments, (2,0), (3, 0) , and (4,0) are considered as the most reliable that we have used in our extraction.
At O(α 2 s ), the moments of the total decay rate can be calculated through direct integration of the polarization functions in Eq. (11) . One of these functions Π mg is not RG invariant but satisfies an inhomogeneous RG equation given in Eq. (5). These determinations can be compared with that based on the partial integration equation (12) where Π mg is replaced by an Adler function that satisfies the homogeneous RG equation (9) . In Table I we compare the values of R Here the errors correspond to the uncertainties coming from theory inputs. From the table it is seen that R kl τ from Eq. (11) gives smaller values compared to that obtained from Eq. (12) . In Table II we extract strange quark mass m s (M 2 τ ) at α 2 s from ALEPH data using these two versions of performing the contour integration. Here the first error corresponds to the uncertainties coming from experimental inputs whereas the second errors correspond to the theory uncertainties. The table shows that there are some differences in the extracted values of m s depending on the version of the contour integration used and the one based on partial integration leads to smaller values, though they are consistent with each other within the theory errors. It is therefore desirable that a full analysis of the polarization function also be performed, but that requires the perturbative coefficients for this quantity, which have not appeared in the literature. Such a result may help clarify the situation as regards to which version leads to more stable results.
The present work at O(α 3 s ) relies on the use of polarization functions that satisfy homogeneous RG equations and proceeds through a partial integration equation (12) . Before turning to the determinations, we study more closely the new series at this order and compare with other methods of renormalization group improvements. In Figs. 4 and 5 we show the convergence of the modulus of m s (µ 2 )Π mq at each successive order in perturbation theory. In the RGSPT and FOPT, the renormalization scale µ 2 is set at the tau mass scale and therefore the mass parameter does not run along the contour. In CIPT the strong coupling constant and the mass are evolved along the contour in the complex plane whereas in MEC the evolutions are taken care of by the effective coupling and coefficients of mass parameters. In Fig. 4 we have shown the modulus of m s (µ 2 )Π mq in RGSPT and in FOPT. In the case of RGSPT, the higher order terms are smaller and very stable along the circle. In FOPT, the higher order terms are small near the timelike axis but increase near φ = 0. Therefore, FOPT is less stable along the integration contour. In CIPT, shown in Fig. 5 , the overall characteristics of the successive terms are similar to that in RGSPT, but it has better stability along the contour compared to CIPT. In MEC, the the next-to-leading order term slightly increases beyond φ = 0.5 but remains almost constant beyond that. Note that in MEC and CIPT, there is no clear order of the product m 2 s (µ 2 )Π mq (µ 2 ) and we therefore show the successive order terms by taking m 2 s (µ 2 ) and Π mq (µ 2 ) at desired orders.
In Fig. 6 the convergence of the full series m s (µ 2 )Π mq and m s (µ 2 )D mg is shown. Note that RGSPT, CIPT, and MEC have more or less the same convergence behavior. We observe a similar convergence behavior for the function Π mq . The different behavior in FOPT is understood from its well-known properties.
In Fig. 7 we show the integrand of Eq. (12) along the contour for two different moments (0,0) and (2,0), for all the schemes. This figure shows that the integrand differs significantly near φ = 0 and φ = π/2 between the different schemes.
In Table III the determinations of strange quark mass from ALEPH data is shown in different renormalization group improvements schemes: RGSPT, FOPT, CIPT, and MEC. Here, the first and the second errors correspond to the experimental and theory uncertainties, respectively. The determinations in RGSPT at this order can be compared with that at O(α 2 s ) in Table II and it shows that the contributions of the α 3 s terms of the polarization functions are quite significant. In Table IV we show our determinations of the strange quark mass from OPAL data for all the schemes. As can be seen from Tables III and IV, the determinations in RGSPT is in agreement with other three schemes. The FOPT gives the most stable results whereas the determinations in MEC are smaller than in the other three schemes. The stability is similar in CIPT and in RGSPT. The remarkable feature of the two tables are that the numbers are consistent with each other within theory errors along any given row. These two tables show that the optimal renormalization group improved perturbation series gives reliable determinations of the strange quark mass. For our final determinations we take the weighted average of different determinations shown in Tables III and IV Here the errors are for the smallest error of one individual determination which is (2,0) for ALEPH and (4,0) for OPAL. We evolve the masses using [46, 47] [3, 4, 11] in the RGSPT scheme. In the second column the moment of the total decay rate R kl τ is calculated using Eq. (11) whereas in the third column it is calculated using Eq. (12) . The first and second errors correspond to experimental and theory uncertainties.
Our determinations of the strange quark mass can be readily compared with other phenomenological determinations in the literature as well as in lattice QCD. A good summary of lattice results can be found in [2] . The current average of unquenched lattice calculations with N f = 2, 2+1 and 2+1+1 yield, respectively, m s (2GeV) = 101 ( SU (3) flavor breaking terms, strange quark mass has been extracted in various phenomenological methods in [3, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . These comparison reveal that barring different phenomenological inputs, in general, our values are in agreement with the past determinations. Furthermore, the new RGSPT that we have developed at this order produces results in striking agreement with those obtained from FOPT and CIPT also at this order, signaling that the series has converged very well.
V. SUMMARY AND CONCLUSION
The renormalization scale dependence of the polarization functions is one of the important sources of uncertainty in the theoretical calculations of semileptonic τ -decay. Scale dependence can be reduced by resumming the perturbation series which takes into account the higher order corrections. In this paper, in the context of the extraction of strange quark mass from τ -decay spectral moments, we apply for the first time the method of the optimal renormalization group. This framework makes use of the renormalization group constraints of a perturbation series which results in a closed form expressions of all the leading-and next-to-leading order log- arithms at each order in perturbation theory. The resummed series exhibits reduced scale dependence and we have used them to extract strange quark mass from the measurements of the spectral moments by the ALEPH and the OPAL Collaborations.
With the presently available knowledge of the τ -decay polarization functions, the strange quark mass determination at O(α 2 s ) relies on two methods of performing the contour integration. The first method makes use of the renormalization group noninvariant function Π mg and proceeds through direct integration along the contour; see Eq. (11) . The second method is based on the partial integration equation (12) and replaces the renormalization group noninvariant function by an Adler function D mg that satisfies the homogeneous RG equation (9) . We have extracted m s at this order from the ALEPH data using both these methods. Our results show that within the theory errors, the two methods are consistent At O(α 3 s ) only the second method of integration is applicable. At this order we have studied in detail the convergence of the RGSPT series along the integration contour. The results are shown in Figs. 4, 5, and 6. Here we have compared RGSPT with several other schemes of RG improvements such as FOPT, CIPT, and MEC. We find that the series converges very well and are comparable to each other. In Fig. 7 we have done a comparative study of the behavior of the integrand of Eq. (12) along the contour in these schemes. Our determinations of the strange quark mass using ALEPH and OPAL data are shown in Tables III and IV, respectively. These determinations are the most up to date with latest theoretical and experimental inputs. Note that, at present, the determinations are dominated by the experimental errors. Note that the strange quark mass determination based on contourimproved perturbation theory in an effective scheme was undertaken in Ref. [7] . In this paper we have updated the determinations to α 3 s with the latest inputs from the ALEPH and OPAL Collaborations and extended these to several moments with nonzero k.
By comparing the strange quark mass determined in different schemes, the important picture that emerges from our study is that, in general, the extracted mass is insensitive to the choice of schemes of renormalization group improvements. As a result we could argue that in the future when the data improves, excellent determinations of m s could be made. The fact that all schemes giving similar numbers implies that we have good convergence at this order and so it is desirable to have the results without partial integration.
For our final determinations, we have taken the weighted average of individual determinations made with ALEPH and OPAL data. These are shown in Eq. (24) . For easy comparison with other methods, these values are evolved to 2 GeV in Eq. (25) .
Although optimal renormalization has been around for over fifteen years, it has not been developed for the extraction of the s-quark mass. Our work has filled this gap in the treatment of this quantity. We have relied on experimental information that has been the basis of such extractions in the past, and we get encouraging results. While a full analysis of polarization functions may in the future lead to more stable determinations, the full framework has been provided in this work.
